Quantum computation has revolutionary potential for speeding computational tasks such as factoring and simulating quantum systems, but the task of constructing a quantum computer is daunting. Adiabatic quantum computation and other "hands-off" approaches relieve the need for rapid, precise pulsing to control the system, inspiring at least one high-profile effort to realize a hands-off quantum computing device. But is hands-off incompatible with fault-tolerant? Concerted effort and many innovative ideas have not resolved this question but have instead deepened it, linking it to fundamental problems in quantum complexity theory. Here we present a hands-off approach that is provably (a) capable of scalable universal quantum computation in a non-degenerate ground state and (b) fault-tolerant against an analogue of the usual local stochastic fault model. A satisfying physical and numerical argument indicates that (c) it is also fault-tolerant against thermal excitation below a threshold temperature independent of the computation size. * ari@arimizel.com 1
meaningful in addition to the ground state.
Consider a quantum circuit C, expressed in the gate approach as a sequence of G 1 one-qubit and G 2 two-qubit unitary gates U i . C has Q physical qubits, each of which is initialized to state |0 .
Assume that C involves no measurements and that C is fault-tolerant [25] against a local stochastic fault model [26] . To frame this model, define a fault-path F (ℓ) as a function of each location ℓ in the circuit such that F (ℓ) = 0 if there is no fault at location ℓ. If there is a fault at location ℓ, F (ℓ) lies within a range of possible fault types {1, . . . , f max (ℓ)}. The model stipulates that a fault path, chosen at random, incorporates faults at a specific set of L locations in C with probability no greater thanp L , for somep strictly less than 1. Let |φ be the final state of the Q qubits in the ideal case in which no faults occur during the execution of C. Because C encodes physical qubits into logical qubits, we can extract the correct answer even if the final state is, instead of |φ , a correctable state with not too many error operators applied to |φ . Let the "result" operator R be the projector given by summing the dyad |φ φ| and a dyad for each of the correctable states. Let ρ R be the density matrix of the Q qubits that results from the execution of C. The fault-tolerance of C implies that Tr R ρ R /Tr ρ R ∼ O(1) ifp is much less than a probability p.
Having characterized C, we describe how to construct its history-state equivalent. We supply an explicit map to a Hamiltonian H(θ) defined on a 2 ⊗Q ⊗ (3 × 5) ⊗G 1 +2G 2 dimensional Hilbert space. The Hamiltonian is a sum of initialization terms involving H Initialize , one-qubit gate terms involving H
One−qubit gate (θ), and two-qubit gate terms H U j T wo−qubit gate (θ) lying in one-to-one correspondence to the steps of C. To execute an adiabatic computation with H(θ), one takes θ from 0 to a value Θ close to π/2 in a time that scales with G = G 1 + G 2 . The answer to the computation is contained on the 2 ⊗Q part of the Hilbert space, after tracing out the (3 × 5) ⊗G 1 +2G 2 part.
To describe the map, for each gate approach circuit of Fig. 1 , we give the corresponding history-state Hamiltonian H(θ) in Fig. 2 .
(i) To initialize Q qubits, define a 2 dimensional Hilbert space for each qubit, so that the full space has dimension 2 ⊗Q . Each qubit has a basis {|0 0 , |1 0 } where the ket |b s has "bit" value b
and computational "stage" value s. The Hamiltonian is H = H Initialize = q I ⊗q−1 ⊗ H Initialize ⊗ I ⊗Q−q where H Initialize = ǫ |1 0 1 0 |, I denotes the identity operator, and ǫ is a fixed energy scale.
The non-degenerate ground state |Ψ = |0 0 ⊗Q is the lone zero-energy eigenstate of the positive semi-definite H: H |Ψ = 0.
(ii) To apply a single-qubit gate U 1 to qubit q after initialization, extend the 2 ⊗Q = 2 ⊗q−1 ⊗ 2 ⊗ 2 ⊗Q−q dimensional space to a 2 ⊗q−1 ⊗ 4 ⊗ 2 ⊗Q−q dimensional space. Supplement the basis {|0 0 , |1 0 } of qubit q so that there are 4 basis states {|0 0 , |1 0 , |0 1 , |1 1 }. To incorporate the effect of U 1 , let |Ψ = |0 0 ⊗q−1 ⊗ (|0 0 + |0 1 0| U 1 |0 + |1 1 1| U 1 |0 )/ √ 2 ⊗ |0 0 ⊗Q . This |Ψ deserves the name "history state" because it is comprised of a superposition of the initialized qubit 
To achieve a fault-tolerant construction, we will incorporate a teleportation-like step [27] after the action of U 1 (Fig. A1 ).Extend the space of qubit q again by direct sum with another state to form a 5 dimensional Hilbert space and then further extend by direct product with a 3 dimensional space and with a 2 dimensional space. The space of qubit q has gone from 2 to 4 and
The first part of ψ 
to impose an energy penalty if the Bell-pair in the first part of ψ
mimics the effects of the Bell-basis measurement step of teleportation and imposes an energy penalty unless both targets of the measurement undergo the step in tandem.
Given that qubit q now has a 2 ⊗ 3 ⊗ 5 dimensional space, in what sense is it still a qubit? If we compute the density matrix of the system and trace out the 3 ⊗ 5 part, the remaining 2 dimensional space contains its quantum information. To make this clear, define the "gate operator"ĝ
. This operator is a mapping from a 2 dimensional space to a 2 ⊗ 3 ⊗ 5 dimensional space. In terms of this definition, the history state is |Ψ = |0 0 ⊗q−1 ⊗ĝ
We find that g U 1 0 (ρ) applies U 1 and then a depolarizing channel of probability p
If one were to measure the final 2 dimensional part of the 2 ⊗ 3 ⊗ 5 dimensional space of the qubit, the density matrix Tr 3⊗5 |Ψ Ψ| = (
would determine the result.
(iii) Suppose that there is a second single-qubit gate U 2 acting on qubit q ′ . If q ′ > q, we set the system to dimension 2
history state is |Ψ = |0 0 ⊗q−1 ⊗ĝ
One−qubit gate ⊗ I ⊗Q−q ′ .
The density matrix over the final 2 dimensional Hilbert space of every qubit is
If q ′ = q, iterate step (ii). Extend the 2 dimensional part of qubit q's Hilbert space to 2 ⊗ 3 ⊗ 5 dimensional so the space of the system goes from 2
One−qubit gate ⊗I ⊗I) ⊗I ⊗Q−q . The history
The density matrix over the final 2 dimensional
Hilbert space of every qubit is
We incorporate a two-qubit gate U 3 . For concreteness, assume qubits with adjacent labels q ′′ and q ′′ + 1 are undergoing the gate. Extend the final 2 dimensional space of each qubit to
T wo−qubit gate ⊗ I ⊗ . . . ⊗ I to the Hamiltonian, consisting of a two-qubit version of (1) followed by teleportation Hamiltonians (3) and (4) acting on each qubit. The two-qubit states Ψ 
0 (ρ) applies the desired gate with probability 1 − p U 3 0 and introduces an error into the output density matrix with probability p U 3 0 = (32 cos 4 θ + 8 cos 2 θ sin 2 θ)(32 cos 4 θ + 8 cos 2 θ sin 2 θ + sin 4 θ).
By iterating the constructions above for all of the gates in the circuit C, one obtains the Hilbert space and Hamiltonian of a history-state simulation of the complete circuit. The Hamiltonian is positive semi-definite and has a non-degenerate ground state |Ψ of energy 0. In terms of theĝ The history-state construction is moreover fault-tolerant with respect to a "local stochastic excitation" model. This is the natural history-state analogue of the local stochastic fault model described above; we borrow the same definition of the fault path F (ℓ) and the same probability restriction. The new aspect is that, if F (ℓ) = 0 for all locations, then the system is assumed to occupy a state that is annihilated by every term I ⊗ . . .
One−qubit gate ⊗ I ⊗ . . . ⊗ I, and I ⊗ . . .
T wo−qubit gate ⊗ I ⊗ . . . ⊗ I in the history-state Hamiltonian H(θ). In other words, the system occupies our history-state |Ψ , the solution to H(θ) |Ψ = 0. If F (ℓ) = 0 at some locations, the system is assumed to a occupy a different time-independent state |Ψ F that is annihilated by all terms in H(θ) except for terms corresponding to the faulty locations. We refer to |Ψ F as a "locally excited" state; in general it is not an eigenstate of H(θ).
Suppose our history-state version of C, under the local stochastic excitation model, produces some ρ R . One can prove that the same ρ R could have been obtained by executing the gate approach circuit C within a non-Markovian fault model with a shared bath formed by the tensor product of one 3⊗5 dimensional space per faulty location. Because of the fault-tolerance of the gate approach circuit C with respect to such a non-Markovian fault model [25] , it follows that
Taking a different perspective, we have proven fault-tolerance against a model of fabrication faults in which the actual Hamiltonian H ′ differs from H(θ) at faulty locations F (ℓ) = 0.
Turning from the stochastic local excitation model to a generic thermal excitation model, imagine constructing our history-state Hamiltonian H(θ) and bringing it into thermal equilibrium with a bath at temperature T . Our quantity of interest is then a thermal average [28] ; we write
We expect the system to be gapless [24] . Numerical simulations provide a lucid picture of the excited states. Consider first a one dimensional chain of one-qubit gates (Fig. 3A) . Divide the chain into unit cells each consisting of one gate. Guess a variational form for the energy eigenstates, |one gate = j e ikj . . .ĝ
. . . |0 in terms of a faulty gate operatorĝ
Regarding H as a spin Hamiltonian, |one gate is a spin wave. Minimizing the energy leads to a coupled linear equation for ψ U j f (0) and ψ U j f (1) . After solving the equation numerically, reanalyze the same one dimensional chain, this time thinking of the unit cell as 4 one-qubit gates. This larger simulation is much less constrained: periodic structure from unit cell to unit cell is still imposed by our variational guess, but the state can assume any form within the unit cell of 4 gates. Strikingly, when we minimize its energy and solve the resulting equations, the output turns out to be very close to |one gate . Fig. 4A demonstrates that the infidelity over the 4 gate unit cell is exceedingly small for any value of θ. We perform similar exercises on 3 more configurations (Fig. 3) . The small infidelity found in all cases (Fig. 4 ) makes an extremely strong case for spin-wave excitations. Since these excited states do not involve large domains of errors, we do not expect them to overwhelm the fault-tolerance of C provided their density of states is sufficiently small. Generalizing, we write the low-lying excited states of H(θ) as spin waves F χ(F ) |Ψ F . A type f spin wave (f = 1, . . . , f max ) has energy E(k, f ), where k denotes some set of quantum numbers. Treating the spin waves as non-interacting bosons to first approximation [29, 30] enables one to write down a state |n(k, f ) = F χ n(k,f ) (F ) |Ψ F with a distribution n(k, f ) of spin waves and energy k,f E(k, f )n(k, f ). In thermal equilibrium, the bosons produce faults at L given locations with probability less thanp
is the average boson occupancy. Including the faults that arise even in the ground state of H, we conclude F (ℓ) satisfies the local stochastic excitation model with
Hopping from gate to gate, the travelingĝ
f within a spin wave produces a quadratic dispersion E(k, f ) ∼ ǫk 2 /µ(θ, f ) for low-lying f and θ near π/2 (Fig. A2) . If the gate approach circuit C is 2 dimensional in space, its history-state version is 3 dimensional in space, and the density of states is low enough for p(T ) to converge; the threshold condition becomes
Choosing a large C and taking θ = Θ ≡ π/2−(p/8C) 1/4 , the history-
The time to compute is the period it takes to bring H(Θ) into thermal equilibrium at temperature T . Imagine starting H(θ) at θ = 0; here the system is comprised of isolated subsystems that should reach equilibrium quickly. How fast can one increase θ from 0 to Θ while maintaining thermal equilibrium?
Consider a generic model of dissipation. Suppose the system is coupled to a bath with a
Here A α is a projector on to a basis state of the system, like
The operator B α = n k n,α x n,α acts on coordinates x n,α of the bath; these coordinates appear within the bath Hamiltonian as
n,α . For a given A α , matrix elements between the spin wave eigenstates of the Hamiltonian scale as 1/G. Within standard masters equations methods [31] , relaxation rates scale with the matrix element squared, or 1/G 2 in our case. Summing over the number of values of α, which scales as G, we find a net relaxation rate that scales as G(1/G 2 ) = 1/G. For dθ/dt much less than these relaxation rates, thermal equilibrium should be maintained, so we take dθ/dt ∼ c/G for some small c. The associated time to compute is linear in G. Note that, in contrast to typical adiabatic conditions, the system gap does not enter this argument; for large systems it is likely to be much smaller than the temperature, so the system will have negligible probability of being in the ground state irrespective of the value of dθ/dt. [2] L. K. Grover, Phys. Rev. Lett. 79, 325 (1997).
[3] P. W. Shor, Phys. Rev. A. Rapid Comm. 52, R2493 (1995). Hilbert space of the history-state version is emphasized here with the 5 dimensional part above the 3 dimensional part above the 2 dimensional part; the Hamiltonian is emphasized in Fig. 2B .
HISTORY-STATE HAMILTONIAN TWO-QUBIT GATES
We complete the discussion (iv) of our history-state construction by detailing the case of twoqubit gates. To append a two-qubit gate to the system, we extended the final 2 dimensional Hilbert space of each participating qubit into a 2 ⊗ 3 ⊗ 5 Hilbert space; assuming a two-qubit gate between adjacent qubits q ′′ and q ′′ +1, the extension is from a 2⊗2 dimensional space to a 2⊗3⊗5⊗2⊗3⊗5 is H U j . In analogy to case of a one-qubit gate, for the two-qubit gate U j with matrix elements
The first two lines are exactly analogous to the single-qubit gate case (1), despite superficial complexity resulting from the tensor product notation. Both qubits move together from stage 0 to stage 1, undergoing the gate U j . The next lines impose an energy penalty if either qubit attempts to traverse the gate alone. For the example of a controlled-phase gate, U j = U CZ , we have
There are four degenerate ground states ψ
T wo−qubit gate , corresponding to four possible inputs b = 0 or 1, B = 0 or 1. For the case U j = U CZ , we have
The first two lines correspond to the action of the U CZ in the standard gate model; the initial state |b |B gets carried to (−1) bB |b |B . In the first two lines, Bell pairs stand ready for the coming teleportations. The next three lines describe teleportation via Bell-basis projection of one pair of qubits (referenced by b in (A1)-(A3) and residing in the 3 ⊗ 5 part of the green 2 ⊗ 3 ⊗ 5 space in Fig. 2E ), the other pair of qubits (referenced by B in (A1)-(A3) and residing in the 3 ⊗ 5 part of the magenta 2 ⊗ 3 ⊗ 5 space in Fig. 2E ), or of both pairs of qubits, respectively.
Continuing in analogy to the one-qubit gate, we define the gate operator
which is a map from a 2 ⊗ 2 dimensional Hilbert space to a 2 ⊗ 3 ⊗ 5 ⊗ 2 ⊗ 3 ⊗ 5 dimensional Hilbert space. Tracing over both 3 ⊗ 5 parts of this Hilbert space, we have a superoperator,
PROOF OF FAULT TOLERANCE AGAINST LOCAL STOCHASTIC EXCITATIONS
The fault-tolerance of the gate approach circuit C relies on having sufficiently many qubits unaffected by noise at any given time. This is guaranteed by the local stochastic fault model probability condition: a fault path, chosen at random, incorporates faults at a specific set of L locations in C with probability no greater thanp L . It does not compromise the fault-tolerance of C if the small number of qubits that are affected by the noise suffer essentially arbitrary mistreatment.
We state 3 specific fault models that the gate approach circuit C can tolerate.
(1) Consider an independent stochastic fault model. Let g
0 be a trace-preserving, completelypositive superoperator that applies gate U i and follows it by a depolarizing channel of probability p
be the one-qubit identity superoperator. Suppose executing C produces
.) . . .). Then the fault-tolerance of C implies
0 is much less than p.
(2) Suppose that the faults afflicting C are non-Markovian, arising by interaction with a shared bath. That is, suppose bath qudits are present that can always undergo gates with one another but undergo gates with the system qubits only at locations for which F (ℓ) = 0. F (ℓ) is determined probabilistically in accordance with the local stochastic fault model. Assuming there is no quantum inference among different fault paths, the fault-tolerance of C still implies Tr R ρ R /Tr ρ R ∼ O(1) providedp is much less than p. A proof appears in section 10 of [25] -although the local stochastic fault model probability condition differs slightly from probability condition (10.1) in [25] , it leads to the same conclusion (10.6) directly from (10.4). The proof makes no reference to the final state of the bath. Every branch of the bath's final state is consistent with fault-tolerant execution of C; we can perform measurements on the bath and postselect for certain outcomes. As long as we maintain the local stochastic fault model probabilities, we still have Tr R ρ R /Tr ρ R ∼ O(1) providedp is much less than p.
(3) We can combine fault models (1) and (2). Suppose that, in addition to the faults that occur by interaction with a shared bath when F (ℓ) = 0, independent stochastic faults occur at all other locations with probability no greater than p 0 . Thus, the total fault path F tot (ℓ) = F (ℓ)
if F (ℓ) = 0 and F tot (ℓ) = 0 with probability at most p 0 if F (ℓ) = 0. We still have Tr R ρ R /Tr ρ R ∼ O(1) provided p 0 +p is much less than p.
The fault-tolerance properties of the gate approach circuit C have implications for C's historystate equivalent. Consider the local stochastic excitation model described in the main text.
First assume the case in which F (ℓ) = 0 except at the location ℓ = i of a single one-qubit gate U i . We defined the gate operatorĝ One−qubit gate . We now define the excited gate operatorĝ
(1) supported on the same 2 ⊗ 3 ⊗ 5 dimensional Hilbert space as the ground states (2). These states can depend upon the fault type F (i) and can explicitly depend on the location i (rather than depending merely parametrically on i through the gate U i like the ground states (2)). Given our choice of F (ℓ), the most general form of |Ψ F is |Ψ F =ĝ . . . g
. . . . After normalizing |Ψ F , the true density matrix is ρ R,F /Tr ρ R,F .
We demonstrate that the same density matrix could be obtained by executing C in the gate approach, with the same F (ℓ), under fault model (3). Imagine executing the gates of C, and at location i encountering a (3 ⊗ 5) dimensional bath initially in some given state such as (|0 0 ⊗ |0 0 ). Just before location i, the density matrix is g
suppose a system-bath unitary gate U SB acts on the qubit ⊗ bath Hilbert space, carrying |0 0 ⊗
, so that the bath stores the initial and final states of the qubit. Defining 1, 1) , we apply a transformation on the bath state alone to carry |b
are not necessarily orthogonal vectors with norm 1/ √ 2, this transformation may require measurement and postselection rather than just unitary gates (see below). After this non-unitary transformation, the qubit-bath density matrix
Continuing until the end of the circuit yields ρ R,F /Tr ρ R,F once we trace out the bath degrees of freedom.
This analysis generalizes to arbitrary fault paths with one complication. Consider the case in which F (ℓ) = 0 at 2 locations i, j at which one-qubit gates act on different qubits. In this case, the most general form of |Ψ F is notĝ
the degrees-of-freedom at location i can be entangled with the degrees-of-freedom at location j.
Instead, the most general (unnormalized) form is a sum
where we have defined gate operatorsĝ 
. Execute C and, at locations i and j, suppose U SB gets applied to the the qubit and a bath at each location to record the initial and final qubit states into the bath. Just before C is finished executing, a non-unitary transformation on the shared bath carries |b
. After this non-unitary transformation, ρ R,F /Tr ρ R,F is obtained once we trace out the bath degrees of freedom.
The same argument generalizes immediately to arbitrary fault paths: we define and decompose ψ j,i,... F (i),... (b 0 , B 0 , . . .) , apply U SB at each fault location and then use a non-unitary transformation on the overall bath as the final step in C. It follows in general that the history-state output, Tr R ρ R = F p F Tr R ρ R,F /Trρ R,F assuming local stochastic excitation, could have been produced by executing C with fault model (3).
To complete the proof, we just need to detail the non-unitary transformation used above. Let |α i , i = 1, . . . , A, comprise a set of orthonormal states α i |α j = δ i,j . Let |β i , i = 1, . . . , A, comprise a set of states that are not necessarily orthogonal or normalized. We will present a transformation |α i → |β i that employs unitary gates, measurement, and postselection. As emphasized above in our statement of fault-model (2), it is permissible to apply these operations to the bath without compromising the fault-tolerance of the gate approach circuit C. Our priority is simplicity; we make no attempt to maximum the success rate or to minimize the number of ancilla required.
We will make use of an auxilliary orthonormal set of ancilla states |γ i , γ i |γ j = δ i,j with i = 1, . . . , A + 1. To affect the desired mapping, begin with a unitary gate carrying 
FABRICATION FAULTS
Consider a model of fabrication faults in which the actual Hamiltonian H ′ differs from H at locations satisfying F (ℓ) = 0. Here, F (ℓ) satisfies the probability condition borrowed from the local stochastic fault model. Assume for simplicity that the ground state of H ′ still has zero energy.
In that case, its ground-state is just a locally excited state of H. It follows that Tr R ρ R ∼ O(1) provided p 0 +p is much less than p.
We see no reason that allowing a different ground state energy of H ′ will compromise fault tolerance, but we have not attempted a careful argument. One can show fault tolerance against a leakage model. In general, we expect the history-state construction to be fault tolerant against various models combining fabrication faults and excitation faults.
INFIDELITY SIMULATIONS
In the case of the single-qubit gate chain (Fig. 3A) , the infidelity calculation is based upon a comparison of the state |one gate introduced in the main text and a state |several gates . Because it takes the unit cell of the chain to consist of 4 single-qubit gates, we take |several gates
. . . |0 . Here, the gate operatorŝ
(b) b| are each maps from a 2 dimensional Hilbert space to a 2 ⊗ 3 ⊗ 5 ⊗ 3⊗5⊗3⊗5⊗3⊗5 dimensional Hilbert space. To compare |one gate and |several gates , we define the infidelity as 1−(1/2) b b| (ĝ
This infidelity is plotted in Fig. 4A .
For the chain of two-qubit gates as shown in Fig. 3B , we compare a simulation with one gate per unit cell to a simulation with two gates per unit cell. For a two-dimensional lattice with one twoqubit gate U j and two one-qubit gates U j+1 and U j+2 per unit cell, Fig. 3C , we determine whether the solutionĝ U j ,U j+1 ,U j+2 f can be decomposed into an excitation on each gateĝ
f . For a two-dimensional lattice with 2 two-qubit gates U j and U j+1 , Fig.3D , we determine whether the solutionĝ
f . The results appear in Fig. 4B , C, and D.
In the region of computational interest θ ∼ π/2, we can get a sense of the form of the spinwave excitations for a general history-state Hamiltonian. The ground state |Ψ has all of its 3 ⊗ 5 dimensional spaces in |IDLE ⊗ |IDLE for θ ∼ π/2. Roughly speaking the spin-wave states replace one |IDLE ⊗|IDLE with a hopping Bell pair. There are 3 choices of hopping Bell pair:
is not used to form a low-energy spin wave because Hamiltonian (4) pushes up its energy.
GENERAL BOSON STATE
We write a general state |n(k, f ) = F χ n(k,f ) (F ) |Ψ F under the assumption of noninteracting bosons. For the case of a single boson,
, where ℓ k,f is a location in the circuit. This form is amenable to generalization to a state with a distribution n(k, f ) of
STATISTICAL MECHANICS OF HISTORY-STATE HAMILTONIAN
Thermal average of Tr R ρ R /Tr ρ R is Tr R e −βH /Tr e −βH . At T = 0, we know this is the ground state expectation Ψ| R |Ψ , which is O(1) for θ close to π/2. What happens when T > 0? Do the low-lying excited states involve large domains of faults that overwhelm the error-correcting capacity of C? The spin-wave bosonic excitations discussed in the main text should not cause this problem unless too many bosons get excited. Physically speaking, we expect the density of bosons over the gates of H to go as k,f n(k, f ) /G + Q where n(k, f ) = 1/(e βE(k,f ) − 1)
is the average boson occupancy. We assume a density of states of the hopping bosons that goes like (G + Q) √ E in 3 spatial dimensions irrespective of the specifics of the circuit. This leads to a boson density that does not depend on G + Q and vanishes with decreasing temperature; if the temperature is low enough, scalable computation should be possible.
To make this physical argument more explicit, we approximate
We expect Ψ F | R |ΨF to be small unless F is close toF . To see this, label C's gate locations as ℓ = 1, . . . , G and its initialization locations as ℓ = −Q + 1, . . . , 0; recall that C has no measurement locations. We write |ΨF =ĝ
Then,
The functions of the form Tr 3⊗5ĝ ℓF (ℓ) ρĝ ℓ, † F (ℓ) that appear here will tend to be small whenF (ℓ) = F (ℓ). We can prove a bound in the case Tr 3⊗5ĝ 
. This implies that Tr 3⊗5ĝ
1 in the region of computational interest, in which θ is near π/2. A similar argument works for two-qubit gates. Because the density of faults in the low energy states is low, ifF (ℓ) = F (ℓ) at some point ℓ, then usually either F (ℓ) = 0 orF (ℓ) = 0, so the bound on Tr 3⊗5ĝ
bounds Ψ F | R |ΨF . This addresses all cases ofF = F except the case in whichF shares all the same fault locations as F but permutes the fault types among these locations. Unless the permutation of fault types occurs among nearby fault locations, however, the imaginary-time
relatively small. These observations suggest the approximation
where
.
Given this approximation, we can immediately write (A6) as
. This is the probability of successfully executing C in the gate approach, given a fault path F and additional faults occurring with probability p 0 at locations
The more complicated part of (A7) is the probability p F . We mentioned that Ψ F | e −βH |Ψ F is a propagator for imaginary times β = −it/h. The temperature, while low compared to the energy scale ǫ of the Hamiltonian, is much greater than the gap between the ground state and the first excited state. (Otherwise, fault-tolerance against thermal excitations becomes trivial.)
This corresponds to a short time t over which the propagator Ψ F | e −βH |Ψ F should be relatively insensitive to the absolute positions of the faults in F relative to the boundaries of the circuit.
As a result, the thermal average should not depend upon the exact form of the functions ξ k,f and χ n(k,f ) ; we expect these functions to be smooth in amplitude but do not need to compute them precisely. Taking the amplitude of χ n(k,f ) (F ) 2 to be evenly distributed over the system, we get
E(k,f )n(k,f ) /Tre −βH where F n(k,f ) in the numerator runs only over spin waves consistent with the fault path ( ℓ δ F (ℓ),f = k n(k, f ) and k,f n(k, f ) is the number of faults in F ).
To verify consistency with the local stochastic excitation probability constraint on F , choose a set L comprised of L locations. Let F (L) denote the set of fault paths with faults exactly at L but with arbitrary fault types: F (L) = {F |F (ℓ) = 0 ⇐⇒ ℓ ∈ L}. Then p F (L) = F ∈F (L) p F . Our approximation for χ n(k,f ) (F ) 2 implies p F (L) depends upon L but not upon the specific locations in L. To evaluate p F (L) , we note that, for non-interacting bosons, the partition function is obtained by summing geometric series Tr e −βH = 1/Π k,f (1−e −βE(k,f ) ). To sum only terms with L excitations, we introduce a variable x and use our expression for p F to write
If F is chosen at random, the chances that it will include faults at L, and possibly other locations
e −βE(k,f ) )/(1 − (x + 1)e −βE(k,f ) )| x=0 . Evaluating the derivative, we obtain
This expression involves averaging over all ways of choosing L locations and, for each way, taking a product to determine the probability that all L locations are faulty (i.e. occupied by a bosonic excitation). Setting
1/L , we can bound P F (L) < p(T ) L , confirming consistency with the local stochastic excitation model.
We estimate p(T ) with k,f n(k, f ) /G + Q. If there isn't an excitation a given location, there is still some probability of a fault there since g U ℓ 0 has a fault probability p 0 . Thus, the probability that the total fault path will include the locations in L is no greater than p Quadratic fits to the numerical data are excellent for both (A) momentum right and (B) momentum up.
